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Empirical tight-binding parameters for solid c60 

Nacir Tit and Vtjay K u m N  
lntemational Centre for llwotedcal Physics, Po Box 586.34100 Tnesle, Italy 

Reeeived 9 July 1993. in final form 23 August 1993 

Abstract. Wc present a tight-binding model for the electronic s m m e  of solid CSo using fow 
(one 2s and lhree 2p) orbitals per carbon stom The modcl bas been developed by fitting thc 
tight-binding panmerers to the-ob iniric pseudopotential calculalion of Tmullier and Manins 
in the face-cenmd cubic (Fm3) phase. Following this. calculauons of the energy bands and 
the density of elecnoNc statcs have been carried out ai a function of the lanice collRiulL 
Good a p m e n r  has been ObOlned with the observed laniceanstant dependcnw of T, using 
McMillan’s formula. Funhermore, calculations of Ihe electronic mcture are presented in the 
simple cubic (Pa?) p h e .  

1. Introduction 

The discovely of the Cm molecule [ 11 and a new form of carbon, the solid Cm hereafter 
also referred to as fullerite [?I, and subsequent observation of superconductivity in alkali- 
doped fullerites [3] (A& where A is an alkali atom) with a moderately high & have 
generated an enormous interest in these systems. Despite the extensive experimental and 
theoretical studies. many fascinating questions, such as the mechanism of superconductivity. 
remain still open. On the experimental side. the electronic spectra for undoped and doped 
fulleriles have been obtained using photoemission (41 and inverse photoemission [SI. Other 
experimental techniques such as infrared absorption [6] and Raman [7] specwscopies and 
neutmn scattering [SI have been applied to investigate the dynamical properties of the 
fullerites. The charactenmiion of solid Cm has been carried out at various temperatures 
using I3C nuclear magnetic resonance (NMR) [9] and neutron [IO] and x-ray [Ill diffractions. 
At rmm temperature solid Cm forms a faceenbed cubic ( f c c )  structure. In this phase, 
the C a  molecules reorient rapidly .nd isotropically and the structure is believed to 
belong to the Fm? space group. However, below 260 K. neutron [IO] and x-ray [I I ]  
diffraction experiments have shown that an orientational order develops and ultimately at 
low temperatures the smcture becomes simple cubic (SC) belonging to the space group Pa3 
with four C a  molecules occupying the FCC lanice sites but having different orientations. 
Evidence has also been reported [!2] fn a superstructure at low temperatures with a lattice 
constant that is twice the value of the case of the Pa? structure. Upon doping with alkali 
metals (such as K, Rb and/o: Cs), the sample becomes superconducting and the highest Tc 
(33 K) has been obtained [I31 for RbCszCm. While at low temperatures the Cm molecules 
do not rorate in these doped systems, some orientational disorder of Go molecules is believed 
to exist [14]. 

On the theoretical side, the sbuctural, dynamical and electronic propemes have been 
calculated extensively by various techniques. Among these techniques, the Car-Paninello 
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(CP) method [IS] has been used to calculate the ground-state 1161 and fiNte temperature 
[17,18] properties of solid C&. However, due to the heavy computational cost of the CP 
simulations for such systems, a need for simpler approaches is obvious. In fact, recently, a 
tight-binding molecular-dynamics (TBMD) methcd [19,20] has been developed to study the 
dynamical properties of fullerenes [20-221. This method is about one hundered times faster 
[21] than the ab initio MD (CP) simulations, and the results obtained for several fullerenes 
are in good agreement with both the experiments and the state-of-the-art methcds wherever 
available. Also because of other developments of graphite tubes 1231 etc. TB models are 
attractive to understand the general physics of these and related large systems. 

Several attempts have been made recently to study the electronic propeaies of solid 
C, using TB models. Gelfand and Lu [24] have reported a b e - b a n d  TB model to 
study orientational disorder in the low-temperture C, structure. However, their hopping 
amplitudes were only a few millielectronvolts and, as a consequence, the resulting 
bandwidths were smaller by a factor of 15 (IO) for pure (doped) & solid as compared to 
ab initio calculations [25]. Satpathy and co-workers [25,2q developed a “6 model with 
a basis consisting of only 60 radial atomic orbitals per molecule. This one-orbital model 
was used to study the conduction band structure versus doping. Another model, reported 
by Xu et ai [22], contains four orbitals per carbon atom. Their model, however, was used 
to investigate the ground-state structure of carbon microclusters C,, (where n < IO) [22] 
and small fullerenes [21]. Tomhek and Schlilter [27] also used a TEI model containing 
four orbitals (s,p,,py,pz) per carbon atom. Using an adaptive simulated annealing method, 
these authors studied the relative stabilities of carbon clusters with up to 60 atoms. Their 
TB parameters were obtained from a fit to LDA (localdensity approximation) calculations 
for the electmnic structure of C,, a graphite monolayer and bulk diamond. In this paper 
we report a TB model containing four orbitals per carbon atom for solid C,. In contrast 
to other models discussed above. our model was developed by a fii to a well converged ab 
initio pseudopotential calculation of the FCC (Fm?) phase of solid C, due to Troullier and 
Martins [281. The hopping matrix elements obtained from our work (see the next section) 
are different from those of 1271, and rather substantially larger. We have applied our model 
to study the dependence of the electronic structure on lattice constant [29] and used the 
results to calculate the lattice-constant dependence of Tc in alkali-doped fullerites (As&). 
Our results are in good agreement with experimental values 1301. 

In the next section, we introduce our TEI model and show in detail its results for the free 
C, molecule and for both the hypothetical unidirectional (Fm?) and the quadridirectional 
low-temperature (Pa?) structures of solid G. In section 3, we show briefly our estimations 
of Tc for alkali-doped fullerites using McMillan’s formula. The last section summarizes our 
results. 

N Tit and V Kumar 

2. Electronic structure 

The TB Hamiltonian used in our work can be written as 

where i and j label atomic sites; f i  and U label atomic orbitals (s, px. py. pi) and 0 indicates 
that the sum on ( i j )  is over neighbours, which we shall give more explicitly later. is 
a creation operator for an electron in the orbital f i  at site i. Ei,@ is the on-site energy 
and V p ~ J v i j )  are the hopping integrals, which decay rapidly with the interatomic distance 
r i ~ .  The latter are expressed [311 in terms of the two-centre integrals Vssc(rij), KpC(rij), 
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Vppo(r,,) and Vppx(rc,). In developing such parameters for solid f&,, we started with the "6 
model reponed by Wang ef a1 [32] for the tetrahedrally sp3-bonded carbon material (namely 
diamond), whose nearest-neighbour distance is 6. In the diamond structure the parameters 
are: do = 1.54 A, E, = -2.99 eV, Ep = 3.71 eV, V,= -5.55 eV, Vsp" = 5.91 eV, V,, = 
7.78 eV and V,, = -2.50 eV. 

As a first step, we modified these parametem to obtain a best fit for the free & molecular 
spectrum in the highest occupied molecular orbital (HOMO)-lowest unoccupied molecular 
orbital (LUMO) region to the ab initio results of Saito and Oshiyama [33]. Further refinement 
to these parameters has been performed while fitting our energy bands for the FCC phase 
of solid C, to the well converged first-principle calculations of Troullier and Martins [28]. 
For the & molecule, we have considered the hopping integrals only between the nearest 
neighbours and used a distance dependence of l/r2 as proposed by Harrison [34]. However 
in the solid phase, the hopping integrals between carbon atoms on neighbouring molecules 
are truncated [35] after 4 = 4.4 and their distance dependence is taken as an exponential 
decay [26]. The form of this interaction is given by 

(2) 

where VO denotes the two-centre integrals. 
Following this procedure the best fit of both the band dispersions and widths has been 

achieved with the following parameters: do = 1.54 8.. E, = -6.7 eV, E, = 0 eV, V,, = 
-5.55 eV, Vsp" = 5.31 eV, Vpp. = 6.20 eV and Vwn = -2.30 eV. These parameters are not 
very different from the case of the diamond structure. In our work we took L = 0.45 A. 
This value of L gives the highest group of valence bands and the two lowest groups of 
conduction bands in good agreement with those reported by Troullier and Martins for the 
unidirectional solid (& structure. Provided that all the other parameters are unchanged, an 
increase in the value of L results in larger bandwidths as would be expected from (2) and 
a reduction of the density of states at the Fermi level. 

As expected by Kroto er al [l] several years ago, it has been shown that the C60 
molecule has a truncated icosahedral structure. The 60 carbon atoms of the molecule 
occupy equivalent sites and span 20 hexagons and 12 isolated pentagons. These atoms are 
connected via two kinds of bond a double bond of length 1.4 8. shared by two hexagons, 
and two single bonds of length 1.45 8, shared by a hexagon and a pentagon. The molecule 
has a diameter of about 7.0 A. In the solid (fullerites), the molecules occupy the sites of 
the FCC structure where the centres of neighbouring molecules are separated by about 10 A. 
Ab inirio calculations in the unidirectional Fcc phase [16] using the CP method indicate that 
due to this change in symmetry in the solid phase, the long bond acquires three slightly 
different values (1.449, 1.454 and 1.462 8.) while the short bond is 1.404 A. Our "6 
calculations on & molecule show that the effect of this small change in bond lengths on 
the energy spectrum is negligible. We have used these bond lengths in our calculations. 
Also as the interactions between the molecules are weak and believed to be predominantly 
of Van der Waals type, we expect only a minor change in bond lengths as a function of 
the lattice constant and also in going from the FCC to the SC phase. This is neglected in 
our calculations. In alkalidoped f&, solid, though the intraball C-C bond lengths will be 
slightly modified, the main effect on the superconducting transition temperature has been 
shown to be due to the variation in the lattice constant [36]. This we hope to be able to see 
in our calculations from changes in the electronic structure as alkali atoms act predominantly 
as electron donors. 

In figure 1, we show the spectra of the Cm molecule. The HOMO is taken to be the 
zero of energy. Because the molecule has a high-symmetry structure belonging to the 

W) = (d/do)Vo exp[-(d -da)lL] 
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Figure 1. Electronic energy specha of Ca molecule 
presented in the energy range from -5 to LO eV. The HOMO is 
taken to be the zero of energy. Our resulll (TB) are compared 
with the the LM'IV calculation of [381 and a Hiickei calculation 
with one orbital per carbon atom [38]. 

icosahedral group 4, its spectra show many three; four- and fivefold-degenerate levels. We 
have shown in figure 1 the irreducible representations [37], which reveal the symmetry and 
degeneracy of the eigenstates. The subscripts g and U refer respectively to even (gerude) 
and odd (ungerade) symmeby, which transform distinctly under inversion. Moreover, we 
discriminate between tlg and fzg (similarly riu and rh) by applying the Cs rotation on the 
corresponding eigenfunctions (see the appendix). The threefold (tl,-symmetry) state which 
constitutes the LUMO is separated by an energy gap of 2.09 eV from the HOMO. The states 
near the Fermi level have predominantly the r bonding character and are very sensitive to 
the variation of the hopping parameter V In figure 1 we also compare our molecular 
specmm with Satpathy's linear muffin-tin orbital ( W O )  [381 calculation and with a simple 
nearest-neighbour TB Hiickel calculation [38], which used only one orbital per atom and a 
hopping integral t = -2.72 eV. The ordering of our molecular orbitals is exactly the same 
as in the latter methods in the energy range from -5.0 to 7.5 eV. Also the ordering of our 
molecular spectrum compares well with the ah initio pseudopotential calculations of Saito 
and Oshiyama [33] in the range from -5.0 to 10 eV (in our energy scale). In the solid, one 
expects the interaction between the molecules to play an important role in the formation of 
the energy bands and in reducing the HOMO-LUM~ gap. 

In figure 2(a), we show the energy bands of the unidirectional ( F d )  structure with 
the same lattice constant as used by Troullier and Martins (a0 = 13.879 .&) for the sake of 
comparison. This figure shows the band structure of Cm along the high-symmetry lines in 
the Brillouin zone for energies close to the fundamental gap, and displays the highest group 
of valence bands and the two lowest groups of conduction bands. The top of the valence 
band was chosen as the zero of energy. Our bands are also in good agreement with those 
obtained from a self-consistent pseudopotential calculation using a Gaussian basis 133,391, 
The band gap is 1.58 eV (a little wider than that of [28]) and direct at the X point Figure 
Z(b) shows the corresponding density of states (DOS) calculated using the tetrahedron method 
[401, which included 505 k vectors from the irreducible wedge of the Brillouin zone. Our 
DOS is also in good agreement with the LDA [39] and TB results [N, 251. As compared to the 
results of Troullier and Martins [28], OUT valence band is of width 0.59 eV (versus 0.58 eV), 
and the two lowest conduction bands have widths of 0.40 eV and 0.42 eV (versus 0.46 eV 

-: 
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Figure 2. (a) me band smuchne of the FE (Fms) phase with a lattice constant ao= 13.879 A for 
comparison with [ZSl. (b) ws per molecule for combined spins, calculated using the Wxahedmn 
method with 505 k vectors from the ineducible wedge ofthe BriUouin mne. The zero of energy 
is at the top of the valence band for both (a) and (b). 
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Figure 3. The band smnm of the sc (Pas) phase 
with a M c e  mnstant ao= 14.11 A. T h e m  of energy 
is at the lop of lk valence band. 

and 0.53 eV respectively), which represents a good fit for the valence and conduction bands. 
The low-temperature srmcture of pure & was solved by David et a1 [IO]. The 

molecuies are centered on an FCc lattice as in the unidirectional case but they are rotated 
by an angle of -2238" along the four different (111) axes [lo] such that the space group 
symmetry is Pa% The lattice constant we used for this structure is 14.11 A, which is 

Fire 4. As figure 3, but only the condunion band is 
displayed. 
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the same as observed in experiments [lo]. We calculated the energy bands along three 
symmetry lines (PR, rX and XM). In figure 3, we show the 20 highest valence bands as 
well as the 12 lowest conduction bands. In general agreement with the results obtained 
by Gelfand and Lu 1241, the gap is indirect from r to R. However, our bandwidths are. 
more realistic. ThB band gap is 1.669 eV and the valence and conduction bands have 
widths of 0.372 eV and 0.344 eV respectively. In order to facilitate the comparison with 
the results of Satpathy et al [=I, we also show in figure 4 the conduction band only for 
this qti&dridirectional structure. Their conduction band [25] is a little wider (0.43 eV) as 
one should expect from a larger value of L, but overall, there is a g o d  agreement in the 
band dispersions. Our band dispersions are also in good agreement with those obtained by 
Oshiyama and co-workers [41], but their valence and conduction band widths are about 0.21 
eV and 0.28 eV respectively which are a little smaller than ours. In this low-temperature 
phase our model can also be used to study the orientational disorder effects, which are likely 
to be important in understanding the physical properties of solid C,. 

3. Superconductivity in fullerides 

It has been suggested [301 that changes in Tc could be accounted for by changes in the ws 
N ( E &  at the Fermi level, which scales monotonically with lattice constant Alkali-doped 
fullerites (A3Cm) have an FM: structure with the alkali atoms occupying the interstitial 
tetrahedral and octahedral sites [42]. Theoretical calculations 125,431 of valence charge 
densities as well as Raman spectra [44] have shown that the valence electrons of the alkali 
atoms are almost completely transferred to the lowest unoccupied bands of the Cm molecular 
solid, Therefore for the doped systems, we used this fact in our TB calculation by treating 
the dopants simply as sources of elecbons for the C, conduction band. Also the isotope- 
effect measurements [45-47] indicate a phonon-mediated mechanism for superconductivity. 
Assuming the intramolecular vibrational modes to be playing the dominant role in the 
electron-phonon pairing mechanism in fullerides, then the variation in T, should arise due 
to changes in the lattice constant, which affects N ( E F ) .  Thus for a comparative study of the 
isostructural A3Cm compounds, we studied [29] the behaviour of the conduction bands of 
solid Cm as a function of the lattice constant. Here, we summarize these results in table 1 
to show some trends of our model. 

Table 1. The superconducting lransition temperatures and suuchual data for A$&. 

K3 14.253 19.28 17.17 20.65 
K2Rb 14.299 21.80 18.02 21.85 
RbK 14.364 26.40 18.42 23.82 
Rb3 14.436 29.40 18.93 26.42 
RbCs 14.493 31.30 19.33 28.50 

Experimental data [301. 
Our theoretical resultr [29]. 

In our previous work [291, we evaluated N ( E F )  for different lattice constants 
corresponding to several fullerides (As&) [30] and estimated Tc using McMillan’s formula 
W1 

ftw 
1.2ks 

T~ = -exp [ A - p’ - 0.62hp* (31 
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We assume that the averaged phonon frequency o and the screened Coulomb interaction 
pammeter p* are independent of the intermolecular Separation R. Then Tc is calculated 
using equation (3) with A = N(Ep)Ve-ph. The electron-phonon interaction Ve+ is taken 
to be independent of R while the R dependence of the density of states at the Fermi level 
is obtained from our TB calculabons [29]. We took [49] Ve-ph = 40 meV, p* s 0.19 and 
h / k g  = I450 K, and estimated Tc for several lattice constants as shown in table 1. The 
values of N ( E F )  are in the range of 17-20 states eV-’/molecule/spin. This lies in between 
the values reported from susceptibility measurements (10-15) [50] and NMR data (2 20) 
[XI. The resulting Tc (table 1) is in g o d  agreement with the experimental data [301. Our 
choice of w lies near the high-frequency [52] Hg(7) and H,(8) tangential mod&, and is 
consistent with the results of [53], which reported about 80% of the contributions to Ve+ 
as origiqating f” the Hg(7) and H,(8) modes, and also with the calculation of Onida 
and Benedek 1541 based on the bond charge model. On the other hand, Schliiter et a1 [49] 
calculated ve-ph and the obtained contributions to it from both the low-frequency and the 
high-fiqriency intramolecular modes. However, due to uncertainties in the values of the 
parameters in equation (3), they also found [55] ho/ks  = 1400 K and p*= 0.2 to give 
a reasonable agreement with the experimental values of Tc for different systems. These 
results, therefore, are in close agreement with the values we have used to calculate Tc from 
our calculations of the density of states. 

At this stage, we would also like to comment about the validity of McMillan‘s formula, 
equation (3), in the case of fullerides. This formula was derived [4Sl for weak to intermediate 
coupling strengths (A < 1) of low-frequency phonons (ha << EF). However, this is not 
the case for fullerides as the bandwidth is quite small. In this respect it is to be noted that 
Oshiyama and Saito 1361 reported a linear dependence of Tc on N(&) for a wide range 
of Tc. This behaviour was obtained using the experimental data of T, and the theoretical 
estimates of bulk moduli and N(&) and is not quite consistent with McMillan’s formula. 
These authors concluded that the conventional BCS theory is irrelevant for describing 
the superconductivity in fullerides. Conversely to this, Huang et a1 [56] found a linear 
dependence of InT, on l I N ( E p )  using McMillan’s formula and their calculated N(&) 
using the first-principles orthogonalized linear combination of atomic orbitals method. This 
behaviour, however, was suggesting that the BCS model could be adequate to explain the 
variations of T, in fullerides. However, the intramolecular phonons that are likely to be 
responsible for the coupling have high frequencies (- 0.14.2 eV), which are comparable 
to the Femi energy (which is about half of the conduction bandwidth - 0.2 eV). The 
latter argument in addition to the large superconducting gap A measured using scanning 
tunnetliig microscopy 1571 put the valid19 of McMillan’s formula into question in the case 
of doped fullerites. Though the agreement between our calculated Tc and the experiments 
is satisfactory, due to the uncemnties of the value of parameters used in equation (3), the 
question of the the superconductivity mechanisms in the fullerides remains open. 

In a related work, Satpathy and co-workers [25] calculated o for different values of p* 
using experimental data 1301 for the intermolecular separation R and To, and assumed a, fi* 
and b - p h  to be R independent. Taking the R dependence of the DOS at the Fermi level from 
their LDA calculations, they obtained an average phonon temperaturefio/ks Y 600 K, which 
corresponds to the intramolecular low-lying Hg(2) radial phonon modes. Following the same 
procedure as described in 1251, but with L = 0.45 A and using our calculated values of N(&) 
[291 we also calculated o and the results are given in table 2. We obtained an average phonon 
temperature hw/kB Y 400 K. Though it is consistent with the assumption that the phonons 
involved in the superconductivity mechanism are intramolecular, this value is much lower 
than we have taken in our calculation of T.. If the assumptions about the R independence 
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Table 2. Electronphonon coupling wmmt 1 and ule averaged phonon fiquency o as fundons 
01 he screened Coulomb inlemtion parameter fi’. We used the experimental values of T, I301 
and OUT calculated values of N ( E d  for different laftice wnstanis (table 1) and followed the 
Same pmcedure as in 12.51. 

fi* 18 Ab dlnVc-phfdlnN(EF) hwfkg tiolk; dlnofdInT,  
W) (“K) 

0.1 5 0.98 1.14 3.76 403 319 -0.29 
0.25 1.33 152 3.28 395 381 -0.16 
0.35 
0.45 

1.75 1.99 3.04 
225 255 2.83 

407 400 -0.08 
438 434 -0.04 

a T. = 20.50 K, s = 3.146 k 
T. = 25.32 K. s = 3.21 1 A. where s is the nearest-neighbour distance for contact between two Ca molecules. 

of p*, o and Ve-ph were true, one would expect [25] Id In Ve+/d In N(EF)I << 1 and 
Id In o /d  In Tcl << 1. Our results for d In o /d  In T, are smaller than those given in [251 
and are consistent with the assumption of R-independent phonon frequency, but the value of 
d In V,-,h/d In N ( & )  is too high, indicating that the assumption of R-independent U, p’ 
or Ve-ph in equation (3) may not be c o m t  as was also pointed out in [25]. This suggests 
that at least one of the interactions, the electmrrelectron or the eleckron-phonon one, must 
be in part intermolecular. Our results (table 2) seem to be more in favour of the candidate 
Ve-p,,. However, more work would clearly be required to obtain a clear understanding of 
the electron-phonon coupling and the mechanism of superconductivity in these materials. 

4. Conclusions 

We have developed a full TB model for I& solid by Suing to the well converged ab initio 
pseudopotential calculation of Troullier and Martins [28] in the Fcc phase. Using this model, 
we calculated the electronic s h l l c t m  of solid I& in both the hypothetical unidirectional 
and the quadridirectional low-temperature phases. Our estimation of the variation of Tc with 
lattice constant using McMillan’s formula is in good agreement with experimental data. Our 
model can be used to study the orientational disorder effects in the low-temperature phase as 
well as the dynamical properties of solid using the TBMD simulation. From the generally 
good description of the highest valence band and the lowest conduction band in the two 
structures we hope that our TB model will also be useful in the study of higher fullerenes 
as well as graphite tubes. Due to the narrow bandwidths, it is expected that correlations in 
solid Cm may play .an important role and our model can be extended to incorporate these 
effects. 
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Appendix 

Let us assume that the eigenvalue E. is gn-fold degenerate (excluding any accidental 
degeneracies). Then we may choose a set of g,, orthonormal eigenfunctions Y,?, j 
= I ,  ..., gn, belonging to E,, to form a basis for a g,dimensional space. This space 
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is a subspace of the entire Hilbea space of eigenfunctions of the Hamiltonian H a 
subspace invariant under all the operations PE of the group of SchrMiger equatio~ 
P ~ H w , ! ~ ’  = HP~*,? = E.P~*,?. mere P~ is a symmetry operation corresponding to 
the rotation R.) Thus PzY,!” is also an eigenfunction with an eigenvalue E. and can be 
expressed as a linear combination of the g. degenerate eigenfunctions 

where P(R) is the irreducible representation corresponding to the point group operation 
R. Expressing the eigenfunction WA’) in the TB basis, we have 

N 
Yjj)(r) = cc:J@&) W) 

Ct=l 

where LY denotes an (s, px, py or pz) orbital centred at one of the 60 carbon atoms and N 
= 240. Then equation (Al) becomes 

We consider now the operation 
P*Yjj)(r) = qJJ(R-1T) 

and using equation (A2) we find that 
N 

P z Y y ( T )  = c e&@&-). (As) 
0=l 

Comparing equations (A3) and (As), one can extract the relation goveming the 
transformation of the g,-degenerate eigenfunctions’ components 

We have used this relation practically to study the symmetry of the eigenstates of the C, 
spectrum shown in figure 1, and specifically to discriminate between tlg and iz8 (similarly 
f l u  and i d  symmetries using the C, rotation. 
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